We propose a new method to study the quasi-normal modes of rotating relativistic stars. Oscillations are treated as perturbations in the frequency domain of the stationary, axisymmetric background describing a rotating star. The perturbed quantities are expanded in circular harmonics, and the resulting 2D-equations they satisfy are integrated using spectral methods in the (r, θ)-plane. The asymptotic conditions at infinity, needed to find the mode frequencies, are implemented by generalizing the standing wave boundary condition commonly used in the non rotating case. As a test, the method is applied to find the quasi-normal mode frequencies of a slowly rotating star.
I. INTRODUCTION
Non radial oscillations of compact stars can be excited in several astrophysical events. For instance, after a neutron star (NS) is formed in a gravitational collapse, or in processes that may occur during its subsequent evolution; these include starquakes, glitches, interactions with a stellar companion, or phase transitions to quark matter or to a kaon and/or pion condensate, that may arise in the inner core of a NS if the density exceeds some critical value. All these phenomena induce perturbations which set the star in oscillation and, according to general relativity, gravitational waves (GWs) are one of the channels through which energy is dissipated.
In addition, due to rotation some modes may grow unstable through the Chandrasekhar-Friedman-Schutz mechanism (CFS instability) [1] ; these instabilities may have important effects on the subsequent evolution of the star, and they may be associated to a further emission of GWs, the amount of which would depend on when and whether the growing modes are saturated by non-linear couplings or dissipative processes. It is therefore important to know at which frequencies a star pulsates emitting gravitational waves, and to study under which conditions the corresponding modes become unstable.
If one assumes that the star does not rotate, the mode frequencies can easily be computed by solving the equations of stellar perturbations, which have been formulated in the Sixties [2] and further developed in later years [3, 4] . These equations have been integrated for a large variety of equations of state proposed to describe matter in a NS [5] . These studies show that the identification of the frequency corresponding to the excitation of a stellar mode (for instance the fundamental mode which is likely to be the most energetic) in a detected gravitational signal, would allow to infer interesting information on the composition of the inner core of a NS and on the equation of state of matter at supranuclear densities.
However, all stars rotate, and our present knowledge of the quasi-normal mode (QNM) spectrum of rotating stars is far to be complete. The perturbative approach which works so fine in the non rotating case, when generalized to include rotation shows a high degree of complexity, even if the star is only slowly rotating [7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . A major difficulty arises because, when using the standard spherical harmonics decomposition of the perturbed tensors, modes with different harmonic indexes couple, giving rise to an infinite set of dynamical, coupled equations. For this reason, in all studies based on this approach simplifying assumptions are introduced: either the couplings between oscillations with different values of the harmonic index l are neglected, or Cowling's approximation is used (i.e. spacetime perturbations are neglected) [8, 9, 10, 11, 12, 13, 14, 15] . To our knowledge, the only place where the oscillations of a slowly rotating star are studied without making use of any of these restrictive assumptions is in [16] where, however, only r-modes have been considered.
An alternative approach consists in solving the equations describing a rotating and oscillating star in full general relativity, in time domain. However, current studies based on this approach also make use of strong simplifying assumptions, or restrict to particular cases. For instance, the Cowling approximation has been used in several papers [17] ; in [18] only quasi-radial modes (l = 0) have been considered; in [19, 20] only the neutral mode (zero-frequency mode in the rotating frame) has been studied; in [21] only axisymmetric (m = 0) modes have been analysed, using the conformal flatness condition. In [22] , the frequencies of axisymmetric modes (m = 0) with l = 0 to l = 3 have been computed for rapidly rotating relativistic polytropes, using the Cowling approximation; a comparison of the results for l = 0 obtained in the Cowling approximation in [22] , with those found in full GR in [18] , shows that Cowling's approximation introduces large errors in the determination of the fundamental mode frequency.
In this article we develop a general method to find the quasi-normal mode frequencies of a rotating star. We perturb Einstein's equations about a stationary, axisymmetric background describing a rotating star. The perturbed quantities are expanded in circular harmonics e imφ . As we are looking for quasi-normal modes, we assume a time dependence e −iωt , with ω complex. Due to the background symmetry, perturbations with different values of ω and m are decoupled; thus, for assigned values of (ω, m), the perturbed equations to solve are a 2D-system of linear, differential equations in r and θ. In this paper we do not derive explicitly the perturbed equations in the general case of rapidly rotating stars, since they will be studied in a subsequent paper. Our goal here is to describe the general method.
Two are the main ingredients on which our method is based: i) the perturbed equations are integrated using spectral methods; ii) the boundary conditions at the center of the star and at radial infinity are implemented by suitably generalizing the standing wave approach which has been used to find the QNM frequencies of non-rotating stars [3, 4, 23, 24] . These points will be described in Section II. To test our approach, in Section III we find the frequency of the fundamental mode of a slowly rotating, constant density star, as a function of the rotation rate. Concluding remarks are in Section IV.
II. THE GENERAL METHOD
The metric which we consider as a background is stationary and axially symmetric. It can be cast in the general form [25] (ds
where ν, ψ, µ 2 , µ 3 are functions of the coordinates x 2 , x 3 . In (1) there is still some gauge freedom, which allows to write the metric in a simpler form, like
as in [19] , or like
as in [26] , [27] . In the following we shall not specify explicitly the gauge, but we will require that some properties are satisfied; in particular we require: i) that the spacetime is described by the coordinates (t, r, θ, φ), ii) that
are Killing vectors associated with stationarity and axisymmetry respectively, and iii) that θ, φ are polar coordinates on spheres, i.e. that the surfaces t = const, r = const are diffeomorphic (but not isomorphic) to 2-spheres. As a consequence of these assumptions (that are fulfilled by (2) and (3)) any tensor field defined on one of these surfaces can formally be expanded in tensor spherical harmonics, even if the spacetime is not spherically symmetric; this property will be useful in Section II A 2. The metric and fluid velocity perturbations can be considered as tensor fields in this background; they are expanded in circular harmonics e imφ , and Fourier-transformed in time. Since perturbations belonging to different m and different frequency ω do not couple, in what follows m and ω will be considered as fixed, and perturbed quantities will be decomposed as follows
The frequency ω is, in general, complex. By fixing the gauge, imposing u µ u µ = −1 and assigning an equation of state which relates δp and δρ, the sixteen quantities h (r, θ)} i=1,...,10 . A possible gauge choice, which we call generalized Regge-Wheeler gauge, is described in Appendix A; however, other gauges can be considered (see for instance [19] ). For simplicity of notation, to hereafter we shall assume that the quantities H m ω i are scalars with respect to rotation (as they are, indeed, in the generalized Regge-Wheeler gauge, see Appendix A); however, every step of the approach we will describe can be applied also to tensorial quantities by a suitable generalization.
Einstein's equations, linearized about our stationary axisymmetric background, reduce to a system of partial differential equations (PDE) for the functions H m ω i in r and θ. To find the QNM frequencies, for assigned values of m and ω, we solve these equations by imposing that all metric functions are regular near the center of the star, that the Lagrangian perturbation of the pressure vanishes on the stellar surface, and that the solution at infinity behaves as a pure outgoing wave. The conditions at the center and at the surface of the star can be fulfilled for every value of ω, but the outgoing wave condition at infinity is only consistent with a discrete set of (complex) frequencies {ω i }; such frequencies are the QNM.
We will now describe how to implement the boundary condition at infinity, and the numerical approach we use to solve the perturbed equations.
A. The boundary condition at radial infinity
In this section we shall generalize to the rotating case the standing wave approach [23, 24] used to find the QNM frequencies of non rotating stars. To this purpose, it is useful to remind how this method works.
The standing wave approach for spherical stars
First of all it is worth stressing that by this approach [23, 24] one can only determine the QNM frequencies of slowly damped modes, like the f -, p-, and r-modes; it cannot be applied to highly damped modes, like stellar w-modes or black hole's QNM.
It is known that the equations describing the perturbations of a non rotating, spherical star can be separated by expanding the perturbed tensors in tensorial spherical harmonics; outside the star these equations reduce to those describing Schwarzschild perturbations, and they can be reduced to the Regge-Wheeler [28] and the Zerilli [29] equations, for two suitably defined functions which we both indicate as Z lm (r, ω). The two wave equations have the following form
where r * is the usual tortoise coordinate and V (r) is a short range potential. The QNM frequencies are the values of the complex frequency ω for which the solutions of Equation (5), found by imposing appropriate boundary conditions at the surface of the star, behave as pure outgoing waves at radial infinity, i.e.
The standing wave approach consists in the following. Let us assume that Z lm (r, ω) is an analytic function of the complex variable ω = σ − i/τ , and be ω 0 = σ 0 − i/τ 0 the frequency of a QNM, with |1/τ 0 | ≪ σ 0 . In general, at radial infinity the solution of Equation (5) is a superposition of ingoing and outgoing waves, i.e.
If ω = ω 0 , by definition A lm in (ω) = 0; since Z lm is analytic and since |1/τ 0 | ≪ σ 0 , we can expand A lm in (σ) near the real σ 0 as follows
where " ′ " indicates differentiation with respect to σ; then, by imposing A lm in (ω 0 ) = 0 we find
Using this relation the function A lm in (σ), near σ = σ 0 (with σ and σ 0 real), can be written as
from which it follows
where B is a constant which does not depend on σ. Thus, to find the frequencies of the QNM it is sufficient to integrate the wave equation (5) for real values of the frequency σ, and find the values σ i for which the amplitude of the standing wave (11) has a minimum: these are the QNM frequencies. The corresponding damping times τ i can be found through a quadratic fit of A lm in (σ) 2 .
The standing wave approach for rotating stars
Let us now consider a rotating star. As discussed above, with a suitable choice of the gauge the relevant perturbed quantities reduce to a set of quantities which behave as scalars with respect to rotation: {H m ω i (r, θ)} i=1,...,10 (ω complex). They must satisfy a set of PDE, obtained by linearizing Einstein's equation, which can be integrated once the values of these quantities are assigned at the center of the star, i.e. on a sphere of radius r 0 ≪ R (hereafter R is the stellar radius)
The H m ω 0i (θ) are subject to constraints, which arise from the analytical expansion in powers of r of the perturbed equations, from the assumption of regularity of the spacetime as r → 0, and from the requirement that the Lagrangian pressure perturbation must vanish on the surface of the star. These constraints reduce the number of independent quantities from the ten H m ω 0i (θ) to a smaller number, say N , i.e. {Ĥ m 0j (θ)} j=1,...,N . Being these quantities defined on a sphere r = r 0 , they can formally be decomposed in spherical harmonicŝ
where the expansion is truncated at l = L. Therefore the independent solutions of the perturbed equations correspond to the following set of
Given these constants, the perturbed equations for the functions H m ω i (r, θ) can be integrated for r ≥ r 0 . In the wave zone, far away from the star, the far field limit expansion of the metric describing a rotating star shows that the metric reduces to the Schwarzschild solution (see for instance [30] , Chap. 19). This occurs because terms due to rotation decrease faster than the "Schwarzschild-like" components. Therefore, as when dealing with Schwarzschild perturbations, in this asymptotic region we can define the gauge invariant Zerilli and Regge-Wheeler functions, Z 
A (complex) frequency ω 0 belongs to a quasi-normal mode if, for an assigned value of m, the following condition is satisfied for any l:
vanishes. It should be stressed that this is a big difference with respect to the non rotating case: in that case each mode belongs to a single, assigned value of l, and there is degeneracy in m.
For each assigned value of m, we define the vectorŝ
. . .
the dimensionality of which is N · [L − |m| + 1] and 2 · [L − |m| + 1], respectively. Since the perturbed equations are linear, these vectors are related by the matrix equation
the constantsĤ lm j do not depend on ω. The coefficients of the complex matrix M m (ω) have to be evaluated by integrating the perturbed equations. Equation (16) , which identifies the QNM eigenfrequencies, can be written as
A discrete set of QNM's exists if the matrix M is square, i.e. if N = 2. Thus, equation (20) is equivalent to impose
As we will show in the Appendices, by counting the number of independent equations in the cases of spherical stars and of slowly rotating stars we find indeed N = 2. We expect the same to hold also for rapidly rotating stars. Let us now restrict the frequency to the real axis. Furthermore, we normalize the constantsĤ m so that the solutions H m σ i (r, θ) (and consequently Z lm Zer (r, σ), Z lm RW (r, σ)) are real; this is always possible, because the perturbed Einstein equations in the frequency domain have real coefficients, as long as σ is real (if we assume that the fluid is non dissipative, so that the equations in time domain are time-symmetric). Thus, in the wave zone we have
The ingoing wave amplitudes, A lm Zer in and A lm RW in , can be found, as shown in [24] , by evaluating Z Zer and Z RW at different values of r * , fitting the two functions as a superposition of sin σr * and cos σr * . It should be noted that althoughĤ are real, the quantities A 
By expanding equation (21) about ω 0 = σ 0 − i/τ 0 (with |1/τ 0 | ≪ σ 0 ) as we did for spherical stars, we find that if
Thus, the QNM frequencies are found by evaluating the (complex) matrix M for real values of the frequency σ, finding the minima of the modulus of its determinant. The standing wave approach has thus been generalized to rotating stars.
B. Spectral methods for stellar oscillations
We now summarize the procedure to solve the 2D-perturbed equations using spectral methods. They are, indeed, very powerful to solve 2D-differential equations, and particularly useful to implement boundary conditions. For a general discussion on spectral methods we refer the reader to [31] .
Chebyshev polynomials
We expand all functions of r in Chebyshev polynomials:
which satisfy the orthogonality relations
by the following equation
• Integrals on Chebyshev polynomials can be evaluated using the Gaussian quadrature method [32] : truncating the polynomial expansion at n = K we get
where the collocation points are
• The derivative of a function can be expressed as follows
with
• Given a function V (x), and a function f (x) with Chebyshev expansion
where b n = V nm a m with
Associated Legendre polynomials
We expand all functions of θ in the basis of the associated Legendre polynomials
and m fixed. They are related to scalar spherical harmonics:
Therefore, expanding a function in circular harmonics e imφ and in associated Legendre polynomials is equivalent to expand it in spherical harmonics. P lm 's are eigenfunctions of the Laplacian operator,
and, assuming for simplicity of notation m ≥ 0, have the following asymptotic behaviour near the z-axis (see (35) ):
This is the asymptotic behaviour of any function of θ which is regular on the z-axis. Let us consider a function f (r, θ, φ), regular in r = 0 and on the z-axis; let us expand it in circular harmonics
The regularity of f (r, θ, φ) near the z-axis implies that (see for instance [33] )
Therefore, the f m (r, cos θ) can be expanded in the polynomials {P lm } l=|m|,... with m fixed:
Thus, associated Legendre polynomials P lm (with m fixed) are a complete basis for all functions of θ with the asymptotic behaviour (39).
In order to apply the Gaussian quadrature method to associated Legendre's polynomials, we notice that the polynomialsP
form, for each m, a complete basis, with orthogonality relation
TheP lm (y)'s are a particular case of Jacobi's polynomials J
where α = β = m. Therefore, Gaussian integration takes the form
where y k and w k are the collocation points and weights for the Jacobi polynomials with α = β = m. In particular, the coefficients of the expansion (42) are
Differential equations and boundary conditions
Let us consider a one-dimensional, first order, differential equation
If we expand Z(x) in the basis of Chebyshev polynomials, T n (x), truncating the expansion at n = K, i.e.
the differential equation (48) becomes an algebraic equation:
where D nk and V nk are defined in (31), (34) . The boundary conditions needed to solve Equation (48) can be implemented using the so-called τ -method: we cut the last row of (50), i.e. we set
and replace the row with the boundary condition; for instance, if we know that Z(x 0 ) = z 0 , the last row of the matrix equation will be replaced with
The differential equation (48), with the boundary condition Z(x 0 ) = z 0 , thus reduces to a matrix equation which can be solved by LU decomposition [32] . This approach can easily be generalized to higher order differential equations (by replacing more rows for the associated boundary conditions), to systems of coupled differential equations, and to partial differential equations in r, θ. In this case, each function is expanded in the basis {T n (x), P lm (y)} n,l as follows
where sums over Chebyshev's and associated Legendre's polynomials are truncated to the orders K and L, respectively; the coefficients a lm n can be organized as the components of a vector, defining the collective index
and settingâ
In terms of the expansion (53), PDEs in r, θ (in our case, the equations which describe the perturbations of rotating stars) transform into an algebraic equation. As an example of the double expansion (53), in Appendix A 3 we show how to solve the Regge-Wheeler equation as a partial differential equation in r, θ.
III. A TEST OF THE METHOD: OSCILLATIONS OF SLOWLY ROTATING STARS
As a test of our method, we have solved the equations which describe the perturbations of a slowly rotating stars. Following [27] , in this case the metric and fluid velocity of the unperturbed star are
where ω(r) describes the dragging of the inertial frames, and all quantities are expanded at first order in the angular velocity of the star, Ω. We introduce a rotation parameter ǫ defined by
In the metric (56) spherical symmetry is broken only by the term ω; when Einstein's equations are perturbed about (56), only terms which are linear in ω are retained, i.e. we keep terms up to order O(ǫ). As a consequence, perturbations with index l are coupled with perturbations with indexes l ± 1 through terms that are of order O(ǫ), the analytical form of which can explicitly be derived. Therefore, when we transform the perturbed equations using the double spectral decomposition described in Section II B, the resulting algebraic equations have a particularly simple form: the relevant matrix is "almost-block-diagonal", each block corresponding to one value of l; the off-diagonal blocks couple l ↔ l ± 1. These equations can also be obtained in a different way, i.e. by expanding in Chebyshev polynomials the system of ordinary differential equations in r derived by Kojima in [7] (hereafter, K1). This follows from the fact that Kojima's equations are derived by expanding the perturbed Einstein's equations in spherical harmonics.
The general structure of Kojima's equations is the following:
Here L pol , L ax are operators of order O(ǫ 0 ), which describe the perturbations of the star in the non rotating case;
operators, which provide the corrections due to rotation. These equations have been integrated numerically in [8] (see also [9] ) using a very strong simplification: the couplings l ↔ l ± 1 were neglected (i.e. F (±) and D (±) were set to zero). Moreover, the equations were solved iteratively, finding the solution for ǫ = 0 first, and then replacing it in the terms E[H 58) become source terms. We stress that with our approach we do not need these simplifications anymore; in particular, we do not need to neglect the couplings, because we can handle the mixing among perturbations with different l's using the spectral methods and the generalized standing wave approach.
It should also be mentioned that, when coupling terms are included in the perturbed equations, in order to have a good numerical behaviour of the perturbations near the center of the star we need to use a set of variables (in particular the O(ǫ 1 ) terms) different from that used in [9] . The equations for the new variables are given explicitly in Appendix B.
A. Comparison with existing results
As mentioned above, in [8] (hereafter K2) the equations of stellar perturbations have been integrated for a slowly rotating star, neglecting l ↔ l ± 1 couplings, and the QNM frequencies have been found; to reproduce these results we have used the same set of variables as in K1, the same equation of state (EOS) i.e. the polytropic EOS p = Kρ 2 , and we have computed the fundamental mode (f -mode) frequency, σ f .
In K2 the real and imaginary parts of σ f are fitted as functions of the rotation parameter ǫ as follows:
The value of σ R 0 we find, properly normalized, is plotted versus the stellar compactness, M/R, in Figure 1 a) . The values are in excellent agreement with the results shown in Figure 1 of K2, for n = 1.
The correction due to rotation, σ ′ R , is plotted versus M/R in Figure 1 b) for different values of ǫ. We find that for ǫ 10 −3 the corresponding curves are indistinguishable, and coincide with the n = 1 curve shown in Figure 1 of K2. However, for ǫ 10 −3 different ǫ correspond to different curves, and the fit (59) becomes inaccurate: σ ′ R is no longer a constant, and further corrections to (59) are of order O(ǫ 2 ), as expected theoretically. In Figure 2 we plot the imaginary part of the f -mode frequency, σ 
B. Including the couplings
We now apply our method to solve eqs. (58) in full, i.e. including couplings among different l's. The numerical implementation of the equations presents a problem: there are terms in the equations which depend on ∂p ∂ρ 2 and on ∂ 2 p ∂ρ 2 , which strongly diverge on the stellar surface. This divergence is particularly problematic when spectral methods are used, but it can be cured through a regularization procedure [33] . Such regularization goes beyond the scope of the present paper, where we only want to discuss a simple implementation of our approach. Therefore, we solve the perturbed equations in the case of a constant density, slowly rotating star, such that the divergent terms vanish.
We consider two background models: A, with M/R = 0.2 and B, with M/R = 0.1. Mass and radius for assigned values of the central density are given in Table I . The explicit form of the equations and the boundary conditions in r = 0 and r = R are discussed in Appendix B. As mentioned above, when couplings are included the equations derived in K1 are very unstable when integrated near the center. For this reason we introduce a new set of variables, which satisfy a new set of equations shown in Appendix B; the appropriate boundary conditions in r = 0 and r = R are also shown. Once we assign the value of the harmonic index m, these equations couple polar and axial perturbations with |m| ≤ l ≤ L. The equations have been integrated for m = ±2. We do not set |m| < 2 because in that case dipolar (l = 1) perturbations have to be taken into account, which are described by equations different from those we consider in this paper. We would like to stress that rotational corrections to mode frequencies with m = 0 are much larger than those to mode frequencies with m = 0. In K2, Kojima suggested that, at lowest order in ǫ, the frequency shift is proportional to m. This is consistent with the results of our numerical integration: the relative frequency shifts found in [21] , where m = 0 perturbations were studied in full general relativity, are an order of magnitude smaller than the relative shifts we find for m = ±2.
If the star does not rotate, for any assigned value of l there is a corresponding f -mode frequency, which is the same for all m's. If the star rotates, due to the couplings the f -mode belonging to an assigned l acquires contributions from different l's, and its frequency and damping time change. Furthermore, the degeneracy in m is broken by rotation.
The real part of the f -mode frequency, ν f = σ R f /(2π), is plotted as a function of the rotation parameter in Figure 3 for the two considered stellar models. The solid line represents the frequency of the l = 2 f -mode of the non-rotating star. The dashed lines are the frequencies of the lowest lying fundamental mode of the rotating star, with m = 2 and m = −2, assuming L = 4. Our calculations refer to ǫ ≤ 0.05, since for higher values the slow rotation approximation becomes inaccurate and the results cannot be trusted anymore. Figure 4 shows, in a smaller range of the rotation parameter, the frequency ν f computed by truncating the expansion in l at L = 2 (i.e. without couplings), L = 3 and L = 4. It is evident that for slowly rotating stars the contribution of the couplings is a small correction, and that there is convergence as L grows.
The relative frequency shift due to the couplings is well approximated by a quadratic behaviour in ǫ:
as shown in Figure 5 . Therefore, the contribution of the couplings is of order O(ǫ 2 ), as argued by Kojima in K2, and σ R f is well described by a quadratic fit of the form
where we should remind that terms of order O(ǫ 2 ) are of the same order of the terms which we are neglecting in the perturbed equations ab initio. This fit is accurate up to ǫ ∼ 10 with our approximation scheme. For 0.01 < ǫ < 0.05, the coefficients σ ′′ are ∼ 0.15 (if m = 2) and ∼ 0.20 (if m = −2); for ǫ < 0.01 they are too small to be correctly extrapolated with our codes. Finally, the damping time of the f -mode is shown in Figure 7 as a function of the rotation rate.
It is worth stressing that, as the stellar rotation increases, the frequency of the counterrotating (i.e. m = −2) mode decreases faster than expected by the simple linear fit (59) . Furthermore, Figure 7 shows that the damping time of the counterrotating mode increases sharply, even for small rotation rates. This indicates that the CFS instability may occur for values of the rotation rate lower than expected by simple linear estimates.
It should be mentioned that the equations derived for the perturbations of a slowly rotating star in [7] and in Appendix B, are not appropriate to study the r-modes, because the frequency σ, which is a dimensionful scale of the problem, is of the same order as the "small" parameter ǫ. The shift of the r-mode frequency due to slow rotation in a relativistic star has been studied in [16] , taking into account the couplings between perturbations with different l's.
IV. CONCLUDING REMARKS
In this paper we propose a new approach to find the quasi-normal mode frequencies of rotating relativistic stars. We describe the main features of the general method, and test it in the particular case of slowly rotating stars. The application of our method to rapidly rotating stars will be discussed in a forthcoming paper.
We give explicit formulae (whose numerical implementation is straightforward) which allow to transform functions of r, θ in vectors, and systems of coupled differential equations (involving derivatives in r, θ) in algebraic, matrix equations. Furthermore, we show that, once the 2D-equations describing stellar perturbations have been solved, the frequencies and damping times of slowly damped, quasi-normal modes can be found by looking for the minima of the determinant of a properly defined matrix, evaluated as function of real frequency, thus generalizing the standing wave approach [23, 24] to rotating stars. We have tested the method in the case of slow rotation; the system of partial differential equations from which we start is formally the same as in [7] (apart from a redefinition of some variables described in Appendix B). However, in our approach we transform that differential system in a system of algebraic, coupled equations; thus, the advantage of our method is that it is much easier to handle the couplings among different values of l, which in [7] correspond to couplings between different partial differential equations. For this reason we are able to study the shift of the fundamental mode due to rotation, taking into account the l ↔ l ± 1 couplings, to our knowledge for the first time in the literature.
In this paper we show that, as the rotation parameter ǫ increases, the frequency of counterrotating modes decreases at a rate higher than linear in ǫ. Furthermore, the corresponding damping time sharply increases, even for small rotation rates. This suggests that the CFS instability for a generic mode should occur for values of the rotation rate lower than expected by simple linear estimates. This result complements what found in [19] , where the equations of stellar perturbations where integrated in full general relativity looking for neutral modes, and it was shown that the CFS instability sets in for smaller rotation rates than in Newtonian gravity.
It should be mentioned that an alternative approach to find the QNM frequencies, based on a characteristic formulation of the perturbed equations and a complexification of the radial coordinate, which could be generalized to rotating stars, has recently been proposed [34] . A, B, . . . the coordinates t, r, and with a, b, . . . the coordinates θ, φ; we define γ ab ≡ diag(1, sin 2 θ).
In this Appendix we denote with

The generalized Regge-Wheeler gauge
There are many possible gauge choices to study the perturbations of a stationary, axisymmetric spacetime (see for instance [19] ). Here we describe a particular gauge which has the property to reduce, when the background becomes spherically symmetric, to the well-known Regge-Wheeler gauge [28] . As discussed in Section II, we assume a background metric in the coordinates (t, r, θ, φ) like (2) 
We shall show that it is possible to fix the gauge in such a way that the metric perturbation takes the form
and depends on six quantities
These quantities behave as scalars with respect to rotations. In order to fix the gauge (A2) we impose the following conditions
These conditions correspond to setting to zero four functions of (r, θ):
and can be imposed through a diffeomorphism generated by the vector field
which depends on four functions of (r, θ).
The relation between (A2) and (A4) is trivial, but to show that (A5) implies (A2) is less obvious. If we integrate by parts (A5), we find
As it holds for all l's, the term in square brackets must vanish identically, i.e. 
This, together with (A4), gives (A2). This gauge choice is implicit in the formulation used in K1 to describe the perturbations of slowly rotating stars. It can, in principle, also be chosen to describe perturbations of rapidly rotating stars.
We stress that the existence of the generalized Regge-Wheeler gauge, in which all perturbations are expressed in terms of functions that are scalar with respect to rotation, is important because it provides a solid basis to the approach described in this paper. Indeed, it guarantees that expanding the perturbations in tensorial spherical harmonics is equivalent to expand in circular harmonics e imφ firstly, and then to expand the functions appearing in the resulting equations in (r, θ), in associate Legendre polynomials, P lm (θ).
Relations with the Regge-Wheeler gauge
In order to better understand how the gauge (A2) is related to the Regge-Wheeler (RW) gauge, we now expand h µν (t, r, θ, φ) in tensor spherical harmonics. This is always possible (on a surface t = const., r = const.), but typically it is not useful if the background is non-spherical, since the dynamical equations couple perturbations with different l's. Anyway, for slowly rotating stars the couplings are small, and the spherical harmonics expansion, as described in Appendix B and in [7] , turns out to be useful.
By expanding the perturbed metric tensor in tensor spherical harmonics, before any gauge fixing we find
where
are the axial vector harmonics, and Z ab and S ab are tensor harmonics satisfying γ ab Z ab = γ ab S ab = 0, with polar and axial parity, respectively.
The RW-gauge for a spherical background, imposes [28] :
If we consider (A13) in the case of a non-spherical background, we see that it is equivalent to the gauge (A2). Indeed, expanding h Aa (t, r, θ, φ) in vector spherical harmonics, we find
where we have defined the scalar functions
3. The Regge-Wheeler equation for a spherical star as a 2D-equation in r and θ
We conclude this section with a simple exercise. Choosing the gauge (A2), we derive the equations which describe the axial perturbations of a non rotating star, i.e. the equations for h m ω A (r, θ) (in this case fluid perturbations are decoupled from metric perturbations), and we show how to solve them using spectral methods. We shall follow the lines of the well-known derivation of the Regge-Wheeler equation [28] , with one difference: we do not expand the perturbations in spherical harmonics. By defining the function
from Einstein's equations we find
where '" indicates differentiation with respect to r. Z m ω (r, θ) satisfies the partial differential equation
where the coordinate r * is defined by
In this formulation, V is a differential operator:
The usual one-dimensional Regge-Wheeler equation can easily be recovered by expanding Z m ω (r, θ) in scalar spherical harmonics:
and Z lm ω (r) is the standard Regge-Wheeler function. Let us briefly describe how equation (A19) can be integrated using spectral methods and the standing wave approach. We shall integrate this equation for real values of the frequency, therefore in the following we shall set ω = σ. The integration range in r * is r * = [r * 1 , r * 2 ], i.e. given Z m σ (r * 1 , θ) we want to know Z m σ (r * 2 , θ). The starting point r * 1 corresponds to a small sphere near the center of the star, with r = r 0 ≪ R, where the Regge-Wheeler function is given by an analytical expansion (see below). The final point, r * 2 , corresponds to a point in the wave zone, r = r ∞ ≫ R, where the ingoing and outgoing amplitudes can be extracted.
We rescale the variables r * and θ as follows:
so that r * 1 corresponds to x = 1, and r * 2 to x = −1. Then, we perform the double expansion (53) of the Regge-Wheeler function Z m σ (r, θ) defined in (A17), for assigned values of m, σ:
The expansions in Chebyshev's and associated Legendre's polynomials are truncated at K and L, respectively (for instance, L = 10, K = 20). The boundary conditions at the center of the star are imposed by assigning Z m σ and its derivative at x = 1:
where the analytic expansion of the Regge-Wheeler equation gives [3] 
(note that while in z 
which can be freely assigned; for each vectorĤ we have one solution of the equation. Notice that we have one constant H lm for each value of l i.e., in the language of Section II A 2, N = 1 for the axial parity perturbations. If, in addition to axial perturbations, polar parity perturbations are considered, described outside the star by the Zerilli equation, then there is another constant to be assigned for each value of l. Therefore, if all metric perturbations are considered, N = 2 as discussed in Section II A 2.
We now project equation (A19) in the basis of Chebyshev's and associate Legendre's polynomials. The operator
is diagonal in the P lm basis, with eigenvalue −l(l + 1). Therefore, in this basis the operator V defined in (A21) reduces to the one-dimensional Regge-Wheeler potential V l (r) (A22). We introduce (as in in Section II B 1, Equations (31), (34) ) the derivative matrix D nn ′ and the potential matrix V nm obtained projecting V l (r) on Chebyshev polynomials. To write the matrix equation we define the collective index
with N = (L − |m| + 1)(K + 1), and we define the N -dimensional vector of componentŝ
The matrix equation has the block-diagonal formL
The boundary conditions are implemented by replacing the last two lines of each block, i.e. each i(l, K)-th and i(l, K − 1)-th lines, with the conditions at the center in terms of the vectorĤ m = (Ĥ lm ):
By inverting the matrix equation (A32) we find the coefficientsâ m i and then Z m ω (−1, y). In this way, for each choice of (m, σ), and of the vectorĤ m of initial conditions, we can integrate from r 0 to r ∞ . The ingoing amplitude at infinity
can be found using the algorithm described in [24] . Therefore, for each choice of the vector of initial conditionŝ H m = (Ĥ lm ), we have the vector of ingoing amplitudes at infinity
This procedure is linear at any step, thus, repeating it for allĤ m :
we find the expression of the matrix
As explained in Section II A 2, near a mode σ ∼ σ 0 the modulus of the determinant of this matrix behaves as
and the frequency σ 0 and the damping time τ 0 of the mode can be found by a quadratic fit in σ.
APPENDIX B: EQUATIONS FOR THE PERTURBATIONS OF SLOWLY ROTATING STARS
This derivation of the equations describing the perturbations of a slowly rotating star is based on the work of Kojima [7] , denoted as K1. As discussed above, since we are considering slowly rotating stars, we can first expand the perturbations in spherical harmonics, getting a system of coupled ODE in r, and then expand this system in Chebyshev polynomials, getting an algebraic matrix equation. The first step of this program is equivalent to the derivation of K1, with one difference: we are going to reformulate the equations in terms of a different set of variables, which are numerically well behaved near the center of the star. Following K1, we shall assume l ≥ 2.
The background configuration, describing a slowly rotating, stationary and axially symmetric star is given by equation (56). The pressure p and the energy density ρ are found by solving the TOV equations; we assume that the equation of state of matter in the star is barotropic, p = p(ρ); therefore, c 
with σ real. The linearized Einstein equations for the radial part of these quantities are ordinary differential equations in r. As explained in Section III, the general structure of these equations is:
The quantities H 
Other relations (see K1) give the fluid perturbations R lm , V lm , U lm , δρ lm , δp lm in terms of the metric perturbations.
Outside the star, the polar perturbations reduce to a system of three first order ODE in
where we have definedH
in order to have equations with real coefficients. Furthermore, there is an algebraic constraint:
Equations (B6)-(B8) are equivalent to the Zerilli equation, but they have the advantage to be easily generalizable to rotating stars, as we will see below. The Zerilli function Z Zer can be computed in terms of K,H 1 :
The axial perturbations are described by the Regge-Wheeler equation
where the coordinate r * has been defined in (A20) and
An analytical expansion of equations (B3), (B4), (B12) near the center of the star gives, for each value of l, three independent conditions at the center:
where the expressions for kh lm(±) , k lm(±) , z lm can be evaluated from the analytical expansion. We notice that K lm and H 
thus equations (B18) become
This rescaling consistently eliminates all imaginary units from the equations. The numerical integration of equations (B20) presents a serious problem. If we perform an analytical expansion near the center of (B20), we find that the coupling terms D 
Consequently, the coupling terms in the perturbed equations are smaller than L 
At the surface of the star we compute H lm 0 and the other perturbations in terms of H lm 2 , K lm , Z lm RW . We impose the vanishing of the Lagrangian pressure perturbation (see [9] ). This reduces the number of freely assigned constants from three (times L − |m| + 1), which correspond to the three independent solutions (B14)-(B16), to two (times L − |m| + 1), i.e. N = 2 as discussed in Section II A 2.
Finally, the equations in vacuum are, as in K1, , K] are given in K1. When r ≫ R, the background spacetime is with good approximation spherically symmetric, because the terms due to rotation decrease faster than the "Schwarzschild-like" components (see for instance [30] , Chap. 19). Therefore, spacetime perturbations satisfy the Zerilli and the Regge-Wheeler equations.
In this limit, equation ( . We can then apply the stationary wave approach described in Section II A and in Appendix A 3.
Equations (B23), (B28), (B29) can be integrated using the spectral decomposition in Chebyshev's polynomials as explained in Section II B. There is a main difference with respect to the example described in Appendix A 3, which refers to the axial equation for a non rotating star. While the matrix (A33) is block-diagonal -each block corresponding to a value of l -the matrix representing equations (B23), (B28), (B29) presents, in addition to the block-diagonal terms, components of order O(ǫ), which couple l ↔ l ± 1.
All equations in this paper have been checked using Maple, and we have made several cross checks in order to be sure that the Fortran implementation of the long expressions (B24)-(B27) are correct.
